Financial market dynamics is rigorously studied via the exact generalized Langevin equation. Assuming market Brownian self-similarity, the market return rate memory and autocorrelation functions are derived, which exhibit an oscillatory-decaying behavior with a long-time tail, similar to empirical observations. Individual stocks are also described via the generalized Langevin equation. They are classified by their relation to the market memory as heavy, neutral and light stocks, possessing different kinds of autocorrelation functions.
According to GBM, the market fluctuations obey a stochastic differential equation
where M is the market prize, is the market mean rate of return, is time, is the market volatility and is a random Wiener process. As is seen, the noise in Eq. (1) is multiplicative. In finances, the stochastic product
MdW is traditionally treated via the Ito lemma [10] but there are also other definitions proposed in the literature for handling of this peculiarity [11, 12] . Equation (1) describes GBM without memory, while the financial markets are driven by people, who possess ability to remember. Hence, the GBM model (1) is oversimplified and requires a generalization, which is the scope of the present paper. Thus, an explicit expression for the market return rate memory function is derived based on Brownian self-similarity [13] . This concept is already applied to hydrodynamic memory [14] and it corresponds to the simplest Hermitian dynamics, governed by an infinite-dimensional hyperspherical Hilbert space [15] .
1
In the frames of the classical mechanics the evolution of an observable ( ) R t , being a function of momentums and coordinates of all the particles in the Universe, is governed by the following dynamic equation
where is the global Liouville operator with ˆ{ , } iL H = ⋅ H being the Universe Hamiltonian. The latter takes into account all the interactions in the whole Universe, including the human activities as well. Equation (2) is an alternative presentation of the Newton laws from the classical mechanics. The formal solution of Eq. (2) can be written in the form
where (0) R R ≡ is the initial value of the observable. This exact solution is, however, useless since no one is able to define precisely the Universe Liouvillian and even its approximations will not make the problem easier since Eq. (3) involves infinite number of differentiations. Also, the dependence of R on particles coordinates and momentums is usually unknown.
Obviously, we are not able to describe rigorously the evolution of the whole Universe but our interest is concentrated solely on the description of a very small part of it, particularly, the prize M of a market. Of course, the latter is influenced by many processes in the Nature but some of them are important, while others are meaningless. Hence, the basic idea in statistical physics is to introduce a projection operator , which focuses the observation on the variable P R . Evidently, the projector satisfies idempotence 2 PP = and a possible definition of the projection operator reads
2 where denotes a statistical average. As is seen, the operator from Eq. (4) projects the effect of on < ⋅ > XP R via the correlation RX < > between these two quantities. If they are statistically independent and zero centered than 0 RX R X < >=< >< >= , and the evolution of R will not be affected by in an average sense. On the other hand the projector (4) preserves completely the information about
In the physical literature a general integral representation for the exponential operator form Eq. (3) is proposed, which is the base of the Mori-Zwanzig formalism [16, 17] ,
Applying this integral identity on the initial velocity and using Eq. (4) leads to the following dynamic equation equivalent to Eq. (2) between the Langevin force at a given moment and the observable at the beginning. Using these relations one can derive, via multiplying Eq. (6) by
R and taking an average value, an in- 
where p is the Laplace transformation variable. As is seen the autocorrelation function of the Langevin force determines uniquely the autocorrelation function of the observable.
FF C
The derivation of the equations above is general and can be applied to arbitrary observ- 
which is typical for stationary Gaussian Markov processes according to the Doob theorem [18] .
The stochastic differential equation corresponding to the white noise Langevin force reads
The application of GLE to stock markets [19] requires a proper definition of the observable ( ) R t . Since we are looking for a zero centered ( 0 R < >= ) stationary variable with a constant dispersion 2 R < >, a proper candidate following Bachelier is the market return rate fluc-
where M is the market prize and is its mean return rate. [20] , it is necessary to accept that the return rate fluctuations are Gaussian as well.
The analysis above shows that Eq. (1) is valid only for the case of lack of memory and at large time . A general way to determine the return rate autocorrelation and memory functions is to assume Brownian self-similarity of the market. According to this model [13] the autocorrelation functions of the observable and its conjugated Langevin force are the same
which can be translated in common words as "a market is driven by the market itself". Strictly streaking the assumption (14) implies a Hermitian dynamics in an infinite-dimensional hyperspherical Hilbert space [15] . Such proportionality between forces and flows can be also seen in the linear non-equilibrium thermodynamics. Combining Eq. (14) with Eq. (8) results in the following expression for the Laplace image of the return rate autocorrelation function
where the correlation time equals to 
where is the Bessel function of first kind and first order and
Λ is a lambda function. The latter is universal oscillatory-decaying one, whose amplitude exhibits asymptotically a long-time tail falling as . Its plot in Fig. 1 shows the existence of a sequence of anti-correlations and correlations of the market return rate being particularly responsible for the Elliott waves.
Similar autocorrelation functions are empirically detected in the Dow Jones Industrial Average index [21] and DAX [22] , for instance. (14) and (16) 
The return rate autocorrelation function can be expressed analogically to Eq. (8) in the form
The stock correlation time is introduced here via the standard definition 2 (0)/ r r r C r τ ≡ < > and accounts for inertial effects as well. Since the observed stock interacts with other stocks from the market the concept of Brownian self-similarity cannot be applied in its simplest form (14) .
In a first approximation one could accept, however, that the stochastic forces acting on individual stocks have the same memory as the common market noise and the market itself.
Hence, the spectral density 
where is the correlation time of the market return rate fluctuations. As is seen, the introduction of Eq. (19) is somehow heuristic but we hope that some speculations are allowed anyway in a theory of speculations. Substituting now Eq. (19) in Eq. (18) yields
According to Eq. (20) 
The plot of this autocorrelation function in Fig. 1 shows a strong periodicity, which indicates essential memory effects. Additionally, 0 Λ from Eq. (21) exhibits a longer time tail than . Light stocks are suitable for traders, since they exhibit cyclic behavior due to strong collective memory effects from the market environment, but these correlations are short-living. 
where is a Lambert function. The corresponding market noise is blue. What is exciting in Eq. (23) is that a very similar functional dependence is detected recently in the description of a Gaussian wave packet spreading in quantum Brownian motion [25] .
